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Second-order phase transitions are characterized by critical scaling and universality’.
The singular behaviour of thermodynamic quantities at the transition, in particular, is
determined by critical exponents of the universality class of the transition. However,

critical properties are also characterized by the probability distribution of the order
parameter across the transition®?, in which non-Gaussian statistics are expected* ¢,
but remain largely unexplored’. Here, making use of single-atom-resolved detection
in momentum space®, we measure the full probability distribution of the order-
parameter amplitude across a continuous phase transitionin aninteracting lattice Bose
gas’®. We find that fluctuations are captured by an effective potential—reconstructed
from the measured probability distribution by analogy with Landau theory'®—
displaying a non-trivial minimum in the superfluid (ordered) phase, which vanishes
atthe transition point. Moreover, we observe non-Gaussian statistics of the order
parameter near the transition, distinguished by non-zero high-order cumulants
undergoing abrupt sign changes. We show numerically that these sign changes
ofthe cumulants obey critical scaling in homogeneous systems, and that their
experimental behaviour is not reproduced by classical models, whereas it is
captured by alow-temperature quantum model. Our results underscore the crucial
role of order parameter statistics in probing critical phenomena and universality.

Continuous phase transitions driven by spontaneous symmetry break-
ing'®"are fundamental phenomena covering all branches of physics'.
The concept of afluctuating order parameter ¢ plays an essential part
intheir description. Its average amplitude ¢|¢|) was shown by Landau™®
todistinguishthe ordered phase, inwhich it assumes anon-zerovalue
in the thermodynamic limit, from the disordered phase, in which it
vanishes. Landau’s mean-field theory, however, neglects fluctuations
in the order parameter and fails to capture the singular behaviour at
the transition, that s, the critical regime.

These phenomenaare driven by the large fluctuations that develop
asthe system approaches the phase transition. As shownin Fig. 1a, this
aspectis captured by the divergence of the correlation length of the
local order parameter, {¢'(0)(x)). =< exp(=|x|/€) (refs.12,13). As this
length grows beyond microscopic scales (for example, the interparti-
cle distance), it reaches the Ginzburg length ¢;, marking the onset of
thecritical regime. Thelatteris characterized by power-law singulari-
ties of thermodynamic quantities, exhibiting universal critical expo-
nents. These features are well understood in the framework of Wilson’s
renormalization group'". Systems that exhibit the same large-scale
behaviour near their critical points are classified in the same univer-
sality class (that is, with the same critical exponents), despite having
different microscopic physics. In finite-size systems, a peculiar behav-
iour appears within the critical regime when the correlation length £
becomes larger than the linear system size L. Whereas for {< L, the

central limittheorem (CLT) implies that the order-parameter statistics
are Gaussian; when {>L, the CLT breaks down, and the order-parameter
statistics become non-Gaussian*®,

The probability distribution function (PDF) of the order parameter,
which fully captures its statistical properties, is afundamental quan-
tity in the description of phase transitions. At the transition point, its
non-Gaussian shapeisuniversal, thatis, it depends on the universality
class of the transition as well as global geometric properties (for exam-
ple, boundary conditions, aspect ratio between different dimensions).
The PDF has received extensive theoretical and numerical attention
over the past few decades®'* %, focusing on the thermodynamic limit,
where £and L are sent to infinity at fixed /L. From an experimental
perspective, however, measuring the non-Gaussian PDF at criticality
poses alot of challenges. The non-Gaussian regime is a narrow region
ofthe control parameter near the transition point (Fig.1a) that shrinks
withincreasing system size. In a macroscopic system with Avogadro
number of particles, it reduces to the critical point, requiring, therefore,
an unrealistic precision in the tuning of the control parameter. Fur-
thermore, characterizing critical non-Gaussian statistics is inherently
difficult®, and, to our knowledge, has only been reportedinaclassical,
mesoscopic system of liquid crystals”?. More generally, non-Gaussian
statistics are a diagnostic of complexity and criticality in physics and
across many real-world phenomena?, and their characterization is
fundamental to the understanding of complex systems.
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Fig.1| Continuous phase transitions. a, The critical regime (grey area) is
reached whenthe correlationlength exceeds the Ginzburglength ;. Closer to
the transition point, exceeds the systemsize L, and non-Gaussian statistics are
expected (redarea). b, Thecritical properties of the transition are described

by an effective thermodynamic potential F(|¢)|)—analogous to the Landau free
energy—which describes enhanced and non-Gaussian fluctuations of the order-
parameter amplitude [¢| near the transition. ¢, We explore the superfluid-to-
normal fluid phase transition of the Bose-Hubbard model,implemented by
ultracold lattice bosons. A harmonic trap affects theinteraction-dependent
critical temperature T (u) betweenasuperfluid (blue region, i) and anormal gas
(finite-temperature Mott insulator, white region, iii). Near the critical regime
(ii), both phases coexist, with anormal core surrounded by superfluid shells.

Modern experimental platforms implement quantum many-body
modelsinwhich phasetransitions with substantialnon-Gaussiancritical
regimesare expected, because of small system sizes of tens to hundreds
of particles** . Inthese platforms, single-particle-resolved detection
methods® provide access to the full counting statistics of observa-
bles?3033¢ These advances enable the exploration of the universal
order-parameter statistics, which is complementary to the standard
measurements of critical exponents®°,

Here, we leverage these techniques to measure the distribution of the
condensate order parameter across the superfluid transition, using an
ultracold gas of about 4,000 bosonsinoptical lattices (Fig.1c). Our main
results are threefold. First, we observe non-Gaussian order-parameter
statisticsin the critical regime near the transition, thereby providing a
confirmation of renormalization group predictions™. Second, we show
that the measured PDFs are well approximated by aphenomenological
approach similar in spirit to Landau’s'®, Furthermore, we explain why
this simple picture effectively describes our measurements. Third,
we characterize the non-Gaussian nature of the statistics through
high-order cumulants of the order-parameter amplitude |¢|, and we
reveal abrupt sign changes of these cumulants across the transition. We
show numerically that these sign changes of cumulants exhibit critical
scaling across the transition in homogeneous systems and that their
experimentally observed behaviour is not captured by classical models,
butisreproduced by alow-temperature quantum model with the same
universal behaviour as that of lattice bosons. The characterization of

the behaviour of the cumulants stems from the unique level of diag-
nostics offered by quantum simulators. It represents a new perspective
on the fundamental nature of critical fluctuations>**,

Ourexperimentinvestigates the superfluid-to-normal fluid transition
inalattice Bose gas. We adiabatically load ultracold metastable helium
(*He*) atoms in a cubic optical lattice®, realizing the Bose-Hubbard
model (BHM):

A== ¥ [@/a+rhel+s ¥ a@-0+ Y U, "
<ij i i

Here,/and Udesignate the tunnelling and on-siteinteraction energies,
respectively, ﬁiTand a;are the bosonic creation and annihilation oper-
ators, respectively, onsitei, i; = (iiT(ii isthe number operator and (i, j»
indicates nearest-neighbour lattice sites. The effect of the harmonic
trapping potential isencoded in the spatial dependence of V; (Methods).
At zero temperature, the homogeneous BHM (V;=0) features a quan-
tum phase transition between asuperfluid state and aMott insulating
state**, occurring foracritical value u, of the ratio u=UJJ. At finite tem-
perature in the thermodynamic limit, this transition acquires a classi-
calcharacter, thatis, it is governed by thermal fluctuationsin anarrow
regionaround atemperature-dependent critical value u (7). This ther-
maltransitionbelongs to the universality class of the three-dimensional
(3D) classical XY model. The presence of a harmonic potential V;implies
that different phases may coexist and leads to a modification of the
critical value (Fig. 1c). However, this does not prevent the observation
of critical scaling®**, In our experiment, the total atom number is
N =4.0(5) x 10° (Methods), yielding (73;) = 1at the centre of the system;
the control parameter uis tuned betweenu=5and u=70, by adjusting
the optical lattice depth.

In classical field theory, the 3D XY transition is associated with a
complex-valued order parameter ¢ = ||e'. In our quantum system,
the order parameter is a field operator ¢ destroying a particle in the
condensate mode*. Its squared amplitude TVT) =g ¢ isan observable
that corresponds to the integer-valued number of particles N, in the
q = 0 quasi-momentum mode. The ordered phase manifests itself
through a macroscopic population N, > 1. Our detection method—
specific to metastable helium*—is ideally suited to reconstruct the full
statistics of || from measuring || = J’\To in each experimental shot,
as it probes the 3D momentum distribution atom by atom (Fig. 2a,b).
More details on the apparatus canbe foundin our previous works®454°
and in the Methods. Figure 2b shows exemplary single-shot experi-
mental realizations. For u < u,, we observe the 3D diffraction pattern
associated with a superfluid with long-range phase coherence. Deep
inthe normal (finite-temperature Mott insulator) regime (u>u,.), phase
coherenceislost, and the distribution s featureless. For each shot, we
denote by Nthetotal detected atom number inthe first Brillouin zone
(Fig. 2b, blue cube) and N, =|¢|*is the detected atom number inasphere
ofradius |6k|=0.03k4centred onk =0 (Methods). Here, k;=21/dis the
lattice momentum, where dis the lattice constant. The statistics of N,
are slightly influenced by the fluctuations of N (Supplementary Infor-
mation section 1). Post-selecting on N (Fig. 2c) allows us to evaluate
and reduce this effect.

We reconstruct the PDF P(|¢|) from the full counting statistics of
N, (Methods). The PDFs shown in Fig. 2e exhibit marked differences
with u. In the ordered (superfluid) regime, the distribution matches
a Gaussian with a maximum around |¢,| =10, capturing the macro-
scopic population of the condensate and its expected statistics™.
Inthe disordered (Mott) phase, the PDF is different, taking amaximum
value for [¢,| = 0. It is well fitted by a (truncated) Gaussian distribu-
tion, as expected from thermal statistics***°. The PDF near the phase
transition u=37.5strongly contrasts with both the ordered and disor-
dered regimes. It features a relatively large width capturing the large
fluctuations of the order parameter near u.and ashape distinct froma
Gaussian.
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Fig.2|Single-atom detectionin momentum space and full counting
statistics. a, Ultracold *He™ atoms, released from 3D optical lattices, are
detected one by one after afree fall onto a micro-channel plate. Their
positions and times of arrival allow us to reconstruct their in-trap momenta.

b, Reconstructed 3D momentaasafunction of u=U/J. |¢|*and Ndesignate,
respectively, thenumber of detected atomsinthe central mode (k/ky= 0, inred),
associated with the condensate and in the first Brillouin zone (-0.5 < k;/k4< 0.5,
i=Xx,y,z,bluebox). c, Probability distribution of the atom number N near
thecritical point before (grey) and after (blue) post-selection (Methods).

The shape ofthe order-parameter PDF is captured by introducing
an effective thermodynamic potential F(|¢|) =-InP(|¢]) . Close
enough to the transition, it is well approximated by a low-order
polynomial

FPl) ~ag+a P +alglt, ()

Post-selecting on Nreduces the effect of shot-to-shot fluctuations on
thestatistics of N, (Supplementary Information section 1). d, Probability
distribution of the condensate atom number N, = |¢|* near the critical point,
obtained fromabout 1,200 experimental repetitions. e, Probability
distributions of the order parameter |¢|. The dashed lines in (i) and (iii)
correspondto the expected shapes for the distributions calculated from
the measured mean value (|¢|?) (see text). In this figure and all other figures,
error barsrepresentstatistical uncertainties obtained fromabootstrap
analysis (Methods).

similar in spirit to Landau’s approach to phase transitions. As detailed
inthe Supplementary Information, this thermodynamic potential effi-
ciently describesthestatistics of the order-parameter amplitude, regard-
less of the universality class. It has a non-trivial minimum for a, <0
(ordered phase) and aminimum at |¢| =0 for a, > 0 (disordered phase).
Near the transition, P(|i|) becomes highly non-Gaussianwhena?/a, <1
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Fig.3|Non-Gaussian probability distribution of the order parameter.

a, PDFofthe order-parameter amplitude || near the transitionin the range
33<u<40.Thesolidlines arefits of the form P(|y|) = e 719D where Alg)is
givenby equation (2). b, Effective thermodynamic potential 7(|¢|) reconstructed
fromthe experimental datashownina, together withu=30and u=55.c, Fitted
coefficient a, (see equation (2)) as afunction of u. The dashed lines correspond
tothe expected asymptotic behaviours, foru <u.,and u>u,,.Inthe former
case, the Poisson statistics of ||*yield a,=-1, whereas in the latter case, in
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which statistics are thermal, we find a, = —In[{Ny)/(1 + (Np))]. The sign change
of a,marks thecritical pointu. , withu,,=37.1(2). d, Average value(|y|)as a
function of u.— u for u < u,, showing power-law scaling {|g|) = (u. — u)?. The fit
yields u.=38.1(2) and acritical exponent f=0.35(1) compatible with S;pxy =
0.3485 (red dashed line), butincompatible with the mean-field prediction
Pur=0.5 (blackdotted line). Theinset shows the same quantity asafunction
of u, with the blue dots representing experimental data points used to extract
the coefficient 8.
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Fig.4|Cumulants of the order parameter across the transition. Normalized
cumulants k,,/k". of the order parameter || up to order n=6 as afunction of
u=U/J,withk, .=k, (u=u.,) (Supplementary Information). Significant deviations
fromzero, observed near the transition point u=u_, for cumulants of order
n>3,signal the presence of non-Gaussian fluctuations. Theinset shows the

Figure 3ashows P(|]) measured near the transition, and Fig. 3b shows
the corresponding potentials. We observe a continuous change froma
distribution similar to that of the ordered phase (u=30), to a distribu-
tioncloser to the disordered phase (u=55), with flatter distributionsin
between. Equation (2) fits well our experimental data (Fig. 3a,b, solid
lines), with the fitted coefficient a,shownin Fig. 3c. As anticipated, a,
increases from negative to positive values. Empirically, we identify a
critical valueu.,=37.1(2), where a, is equal to zero. We stress that, away
from the thermodynamiclimit, u.,is different fromu,, the critical point
associated with universal scaling. This result is well-established in the
phenomenology of finite-size systems' (Supplementary Information
section5).

It might seem surprising that our measurements align with the
Landau-like mean-field theory, as the probed transition belongs to the
3D XY universality class. However, at fixed u, beyond-mean-field effects
manifest themselves only in the tails of the order-parameter PDF, and cor-
respond torare events®™ (Supplementary Information section 6). Experi-
mentally, the typical number (about 700) of shots used to construct a
PDF, although large, remains insufficient to resolve these rare events. By
contrast, beyond mean-field effects are revealed by measuring the PDFs
on varying the control parameter. This is shown by our measurement
ofthe average value (|¢|) as a function of u (Fig. 3d). First, {|¢|) exhibits
power-law scaling with a critical exponent 8= 0.35(1) compatible with
that of the 3D XY universality class, By = 0.3485 (ref. 52), and distinct
from the mean-field prediction Sy = 0.5 (Fig. 3d). Second, the critical
scaling for {|g|) is found even for small values of u, suggesting that the
critical regime extends deeply into the ordered (superfluid) phase.

The power-law scaling of {|¢|) expected in the thermodynamic limit
is observed where the order-parameter PDFs are well captured by
Gaussian statistics, that is, where £ <L as shown in Fig. 1a. Conversely,
non-Gaussian statistics appear in a narrower region close to the criti-
cal point, at which finite-size effects become important and lead to
a breakdown of power-law behaviour. Moreover, the harmonic trap

u=UM

100)
5| (x100) ¢¢
O-0-00 00
o 0 L L 0 : o
5 0 5 R
0
d, 2 L
Q
ol  af
o 4 % ‘ ‘
0 5 0 5
O 00 n=3 d,
_6 |
03 |
L (x100)
4 0
0 v 0
2 -0.2 f, s
5 0 5 -5 0 5
d, d,
0 —o—o—o—o—o——¢—o—o—o—o—o—o
—¢®~0-0-0-0-0 b ¢
_2 |
+ n==6
40 60 0 20 40 60

u=UM

universal curve for each cumulant, calculated from ahomogeneous quantum
rotor model at temperature 7/2/ny; =1, belonging to the 3D XY universality
class. The control parameter is rescaled according to d, = A(T)(u/u.— 1)L,
wherev=0.6718isacritical exponent, L is the linear systemsizeand A(T)isa
temperature-dependent coefficient (see text and Supplementary Information).

leads to sizeable corrections to u., as compared with predictions for
ahomogeneous system (Fig. 1c). The measured value of u.=38.1(2)
agrees well with predictions based on Quantum Monte Carlo (QMC)
calculations in a harmonic trap®. The fact that u, exceeds the critical
value (u=29.3) for the superfluid-Mott-insulator quantum phase transi-
tionwithfilling n=1highlights the fact that the transition occursin the
outer region of the trap, where n <1 (Fig. 5and Methods).

To quantify explicitly the non-Gaussian nature of the order-parameter
statistics close to the critical point, we now focus on its high-order
cumulants. Cumulants atall orders reconstruct the full statistical infor-
mation contained in the PDF, similarly to moments. The cumulant
methodology offers adual advantage. First, cumulants areastandard
tool in statistics for capturing non-Gaussian behaviour; the presence
of any cumulant k,,.; # O is necessary and sufficient for non-Gaussian
statistics. Second, as we shall see, the dependence of cumulants on
the control parameter provesto be extremelyrich, providing new and
surprising insights into the critical behaviour.

The measured cumulants k,,(|¢|) of || are shown in Fig. 4. Cumulants
k= <|¢|) and K, = (|Y1» - (|Y|)* behave as expected from the phenom-
enology of a continuous phase transition; k; is finite in the ordered
phase (u<u.) and vanishesin the disordered phase (u>u.), whereas k,,
which quantifies the order-parameter fluctuations and can be associ-
ated with a susceptibility?, exhibits a peak at u = u..

The evolution of higher-order cumulants with u is instead more
instructive. First, cumulants of order n > 3 vanish deep in the ordered
(u<u.)and disordered (u > u.) phases, whereas they take large values
near the phase transition u = u.. These variations reveal the crosso-
ver of the order-parameter statistics from Gaussian to non-Gaussian
across a continuous phase transition. A similar phenomenology has
been proposed to identify the phase transition from a hadron gas to
a quark-gluon plasma in quantum chromodynamics (QCD)**¢. Note
that here, the PDF of || is atruncated Gaussianin the disordered phase,
whose cumulants are non-zero and vanish only asymptotically as the
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Fig.5|Robustness of the cumulant critical behaviour. a, In-trap condensate
density (dashed line) and total density (plain line), calculated using QMC
under the experimental conditions associated with two experimental data,
near their respective critical pointu = u_,. The volume Vof the simulationbox is
V=30%latticesites. b, Measured cumulants expressed inreduced units for the
comparison ofthe two datasets (blue dots correspond to the dataset shown
inFig.4). The amplitude ¥, =k, /B"is plotted as a function of adimensionless
distance A(u - i, )/ii., showing that cumulants coincide atall ordersn. A, B

and i arescale factors determined through a collapse optimization of both
datasets (Methods). The insets show cumulants obtained from numerical
simulations of the quantum rotor model with L =10 and 7/2/ny; = 0.05, that s,
inaregime of substantial quantum corrections to the universal scaling
(Supplementary Information).

distribution becomes increasingly narrow. Their values are in agree-
ment with the expected thermal statistics®**°, which are Gaussian.
Second, we observe abrupt sign changes of the high-order cumulants
near the phase transition. We discuss this unexpected observation
below. Before proceeding, we note that the harmonic confinement
presentinour experiment leads to the coexistence of locally superfluid
(orcritical) and normal regions. Yet the observed non-Gaussian fluctua-
tions do not stem from the phase coexistence, making the distribution,
for example, bimodal (bimodality is not observed). This is because
we probe the statistics of a global, rather thanlocal, order parameter,
which is always dominated by the superfluid or critical regions in the
trap whenever they exist.

In Fig. 4, we first compare the measured cumulants with those
obtained numerically inhomogeneous models belonging to the 3D XY
universality class and find similar sign changes of the cumulants (insets).
Afinite-size scaling analysis performed on these models—defined on
homogeneous lattices with periodic boundary conditions—shows an
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excellent collapse (Supplementary Fig. 8). This demonstrates that the
order-parameter cumulants exhibits universal scaling functions across
the phase transition in homogeneous systems.

Although both experiment and simulations show sign changes, we
observe qualitative differences for cumulants of order n > 4. In the criti-
calregime (L, &> ¢;), universal scaling functions depend not only onthe
universality class but also on the geometry of the system (boundary con-
ditions, shape of the systemand presence of atrap)*”*. However, these
factors alone cannot account for the differences observed between
simulations and experiment in Fig. 4, as we shall now explain. First,
numerical simulations of a non-homogeneous classical model yield
the same qualitative results as those of homogeneous models (Sup-
plementary Fig. 7). Second, we experimentally tested the effect of the
system geometry and found thatit does not affect our observations. To
thisaim, we probed the superfluid transitionin a different microscopic
configuration (Methods and Extended Data Fig. 1). There, the critical
behaviour develops at the trap centre (leading to a substantial shift of
u.),incontrast with thefirst datasetin which the transition occursinthe
outerregion of the trap. The results in Fig. 5 show similar behaviour of
the cumulants of || in these two microscopic configurations, confirm-
ing that the observed deviations from the classical results are robust
to changesinthe system geometry. Therescaled unitsin Fig. 5 make all
cumulantsn > 2 coincide, although they areindependent of one another.

Instead, we attribute the differences between experimentand 3D XY
predictions to universal corrections to scaling induced by quantum fluc-
tuations. Similar corrections are observed inamodel of quantumrotors
at low temperatures (Fig. 5b (inset) and Supplementary Fig. 9). Only
higher-order cumulants are sensitive to these corrections to scaling
that affect mostly the tails of the PDF*. Our observations highlight that
cumulants provide high resolutioninthe reconstruction of the critical
behaviour, exhibiting subtle quantum effects at thermal transitions.

In conclusion, we measured the statistics of the order-parameter
amplitude across a continuous phase transition using ultracold lattice
bosons. Our experiment is performed in a harmonic trap and realizes
aninhomogeneous system of mesoscopic size. We observe many of
the emblematic predictions for homogeneous systems, including the
change in the effective thermodynamic potential—similar in spirit to
Landau theory—and the non-Gaussian critical regime.

Moreover, we experimentally showed abrupt sign changes of the
order-parameter cumulants across the transition. We provide numeri-
cal evidence and experimental indications of their universal charac-
ter. These sign changes are general features of criticality, which are
not specific to the universality class explored here. They have been
observed numerically in the O(N) universality classes® and stem from
the shape of the critical PDF across the transition®. Furthermore, they
are considered as promising observables to identify phase transitions
in the QCD phase diagram®* ¢,

The standard approach of probing critical scaling is achievable in
macroscopic systems with negligible finite-size effects. Conversely,
our measurement of the order-parameter statistics demonstrates a
complementary approach that is well suited to mesoscopic systems.
This approachis highly sensitive to the nature of critical fluctuations,
including the presence of a quantum phase transition at 7=0, and is
promising for several quantum-simulation platforms® 283 Further-
more, the experimental ability to reconstruct the order-parameter
fluctuationsinfinite-sizeinhomogeneous systems challenges theoreti-
caland numerical methods for quantum systems.
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Methods

Production of low-entropy and low-number Bose-Einstein
condensates

Our experiment uses standard laser cooling and evaporative cooling
steps to produce a spin-polarized Bose-Einstein condensate (BEC) of
about 4 x 10° metastable helium-4 (*He") in the sub-level m;=1of the
state 23S, (ref. 60). The atom number is then reduced to 4.0(5) x 10°
(2.6(3) x10°*for the second dataset) using state-dependent inelastic
losses. We use two-photon Raman transitions to transfer a controlled
fraction of the atoms to the sub-level m,= 0, where two-body Penning
ionization leads to losses. The small BEC is then loaded adiabatically
inthe cubic opticallattice. Inthe 3D lattice, the trapping frequency of
the harmonic potential V;isw/2m = 140(5)J70 Hz,where Visthelatt-
ice amplitude in units of the recoil energy £y = h*/8md?, and m s the
mass of an atom. A thermometry based on the comparison with ab
initio QMC calculations® yields a temperature in the range of k;T// -
1.5-2. This is compatible with an entropy per atom of S/N ~ 0.4(1)kg
(0.7(1)k; for the second dataset) extracted from the measured conden-
sate fraction before loading the BEC in the optical lattices*.

Volume used to compute the statistics of ||

Intranslationally invariant lattice systems, where the quasi-momentum
qis agood quantum number, the number of condensate atoms N, is
equal to the atom number in the mode q = 0. In a finite-size and har-
monically trapped gas, N, remains well approximated by the atom
number at q=0.Inthis work, we probe the gas in the momentumbasis,
where the modes located at nk,, with n € Z>, are copies of the mode
q=0. We use a sphere of radius 0.03k,4 centred on the central peak
(n=0) or first-order diffraction peaks (||n|| =1) to measure N, in each
shot. This radius is unambiguously determined from the width of the
bosonic bunching signal, which is set by the size of one mode*¢., As
showninthe Supplementary Information, the exact value of the radius
we use in the analysis does not affect our observations.

PDF and cumulants of |¢|

ThePDF of|¢| = Jﬁo isreconstructed from the histogram of the meas-
ured values of the condensate atom number N, in each shot. The his-
togram bins for the discrete variable N, are the positive integers, and
the histogram is normalized such that it sums to one, Y ,P(N,=n) =1.
The PDF of || is obtained by remarking that P(Ny = n) = P(|¢)| = -/n) . Its
normalization is set by that of the histogram on N,.

The cumulants of [¢] in Figs. 4 and 5b are computed directly from
the measured values ofJNT). They are normalized by (/N )" to account
for the variation of the atom number Nin the first Brillouin zone with
the interaction parameter u.

Bootstrap procedure

Theerror bars on experimental cumulants, PDFs and fit parameters are
68% confidenceintervals obtained from abootstrap method. Five hun-
dred pseudosamples are generated from sampling the experimental
shotswithreplacement. The observables are computed for each pseu-
dosample. The resulting histograms take a typical bell-shape curve,
from which the mean, the 16th and 84th percentiles are extracted.
The percentiles provide an estimate of the statistical uncertainty on
the mean.

Trapped atomic densities at different total atom number

In Fig. 5, we compare the order-parameter cumulants measured in
lattice gases with different total atom numbers and entropy per atom.
As discussed in the main text and shown in Extended Data Fig. 1, the
difference in the measured critical values u_, highlights the distinct
configurations of in-trap densities close to u, o: at small atom number,
the condensate develops at the trap centre. By contrast, the conden-
sate appearsinthe outerregion ofthe trap atalarge atomic number.

These differences are confirmed by numerical calculations of the
harmonically trapped Bose-Hubbard Hamiltonian using QMC*
(Fig. 5a). There we contrast the local density n; = (@;'d;) with the con-
densate densityn® = % 2 (ﬁf&j), where Vis the volume of the simula-
tion box. All the parameters used in these numerical calculations are
calibrated from the experiment, except for the temperature, which
is estimated by matching the momentum distribution calculated
numerically by QMC with that measured experimentally, as described
inref. 43.

Cumulantsinrescaled units

The cumulants measured for different microscopic configurations of
the trapped gas are shown in Fig. 5 in rescaled units inspired by theo-
retical approaches to critical collapse. The ratio u = U// is replaced by
the distance Adu to the critical point, with u = (u—1i,)/ii., and the
amplitudes of the cumulants k, are rescaled as K, = k,,/B". The param-
eters A, Band i, are specific to a microscopic configuration, whereas
thefunction K (A6u)is expected to beindependent of the configuration
whenit describes universal behaviour.

In our procedure, the non-universal scaling factors are obtained by
minimizing the cumulative error (the sum of squared differences com-
puted over the second through sixth cumulants) between the two
datasets after rescaling. We arbitrarily chose the second dataset (Fig. 5,
orange squares) as areference—setting A =1and B=1and the value
ii. = u. odetermined from a,=0—and numerically optimize the scaling
factorsA, Band ii.of the first dataset (Figs. 4 and 5, blue circles). Because
the data points are discrete and not aligned after rescaling, the values
of ¥,for one dataset areinterpolated linearly to compute the error with
respect to the other dataset. The fitted values for the first dataset are
A=1.32(8),B=0.91(1) and &i, = 37.5(1), that is, the fitted value for &, is
closetou.,=37.1(2), determined from a, = O (see the main text).
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